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Abstract

The absolute (respectively, weak) order graph on a Coxeter group
is the graph underlying the absolute (respectively, weak) order poset.
We investigate the distance spectra of many of these graphs and pose

several open problems.
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1 Introduction

Let (W, S) be a finite Coxeter system ! and let T' = {wsw™ : w € W, s € S}
be the set of all reflections of W. Let X be a subset of generators of W
satisfying * € X = 27! € X and 1 ¢ X, and let T'(W, X) be the Cayley
graph with vertices V(I') = {w : w € W} and edges E(I") = {{w,zw} : w €
W,z € X}. We can define two natural classes of Cayley graphs on Coxeter
groups: the weak order graph T'(W, S), the graph underlying the weak Bruhat
order on W, and the absolute order graph I'(W,T), the graph underlying the

absolute order on W. 2

Of particular interest are the Cayley graphs on the symmetric group
S, = W(A,_1), which arise in many different fields of computer science
and mathematics, notably in probability and statistics [14]. In the computer
science literature (see, e.g., [2]) one encounters the weak order graph on &,
(known as the bubble sort graph when S is chosen to be the set of adjacent
transpositions), the absolute order graph on &,, (known as the transposition
graph), the star graph I'(&,,{(1,k) € &, : 2 < k < n}), and the pancake
graph T'(S,, {(k,k —1,...,L,k+ 1,k+2,...,n) € S, : 2 < k <n}). An-
other Cayley graph on &,, that arises in extremal combinatorics [17, 32] is
the derangement graph I'(&,,,{c € &, : (i) # i,i € [n]}).

The adjacency spectra of these graphs (the eigenvalues of their adjacency
matrices) are of interest for their own sake, as well as for various applications
such as card shuffling (random walks on the symmetric group). The spectra

of the transposition graph, the star graph, and the derangement graph were

IFor standard facts about Coxeter groups, see, e.g., [8, 10, 27, 31].
2For an extensive discussion of the absolute order on Coxeter groups, see e.g., [4].



determined by Diaconis and Shahshahani [15], Flatto, Odlyzko, and Wales
[18], and this author [35], respectively. In each of these cases the computa-
tion was made possible by fact that the generating sets have an especially
nice structure. The generating sets of the transposition graph and the de-
rangement graph are closed under conjugation; the corresponding graphs are
said to be normal. 3 Although the star graph is not normal, the sum of
the elements of its generating set, which is the relevant construct for com-
puting the spectrum of the corresponding Cayley graph, is a difference of
conjugacy class sums; more specifically the sum is a Jucys-Murphy element,

whose spectrum has an elegant combinatorial interpretation (see, e.g., [41]).

The generating sets of I'(S,,,S) and the pancake graph do not enjoy sim-
ilarly felicitous properties, which may explain why their spectra have not yet
been determined in full. Partial results are known for the Laplacian spectra
of some of the weak order graphs, and hence for their adjacency spectra. 4
Using the technique of equitable partitions [21], Bacher [5] was able to obtain
a large class of eigenvalues of the Laplacian of ['(S,,,.S), but the eigenvalues
of the pancake graph appear to be unknown. Akhiezer demonstrated [3] that
the Laplacian spectrum of I'(W,.S) contains the eigenvalues of the Cartan

matrix corresponding to W, each of which appears with multiplicity at least

|51

Another natural graph invariant that has received less attention is the
distance spectrum. Let dr(u,v) be the length of a shortest path between u
and v in I'. It is easy to see that dr(u,v) is symmetric, nonnegative definite,

and satisfies the triangle inequality, so it is a metric on I". The distance

3Unfortunately, the word ‘normal’ carries two distinct meanings in the context of Cayley
graphs. One meaning is that the generating set is closed under conjugation, while the other
is that W is a normal subgroup of Aut I'(W, X), the group of automorphisms of T'(W, X).
In general it is possible to have one without the other. For example, I'(W, S) is normal in

the latter sense (see, e.g., [1], Exercise 3.35) but not in the former sense.
4As Cayley graphs are uniform, the Laplacian and adjacency matrices differ by a con-

stant multiple of the identity.



spectrum of T' is the spectrum of the matrix dr, whose (u,v) entry is dr(u, v).
The distance polynomial pr(q) is the characteristic polynomial of dr. The
distance matrix of a graph plays an important role in chemistry (e.g., the
Wiener index) [33], and it appears in a wide variety of social science fields
([6], [9]). The distance polynomials of trees have been studied in connection
with a problem in data communications [22], and distance polynomials can be
used to distinguish some adjacency isospectral graphs (although the distance

polynomial is far from a complete invariant [6]). ®

In this paper we take the first steps toward the determination of the
distance spectra of the weak and absolute order graphs of the Coxeter groups.
We are able to calculate these spectra exactly in a large number of cases,
which is unusual because the computation of distance spectra is generally
considered more difficult than the computation of adjacency spectra [6]. In
the absolute order case we discover that the eigenvalues are all integral. Even
more striking, we find that in the weak order case there are generally only
a few distinct eigenvalues, suggesting the presence of additional underlying

structures, some features of which are revealed by our analysis.

For the graphs associated to Coxeter groups, the distance function has
a well known group theoretic interpretation. Every w € W may be written
as a word in the reflections T' (respectively, simple reflections S), and the
minimum number of such reflections that must be used is the absolute length
(r(w) (respectively, length {s(w)) of w. The length functions satisfy the
properties £(w) = £(w™'), and £(w) = 0 if and only if w = 1, where henceforth

¢ is generic for g or (7.

Given (g (respectively, ¢7) one defines two order relations on W, called
left and right weak (respectively, absolute) order. Right order on W is defined
by

u<pv <= Ll(u)+Lu) =L(v),

°For some other work on distance polynomials, see, e.g., [12], [26], [28], [33], [43].



while left order is defined by v <; v < u=! <z v=!. These two orders are
identical in the absolute case, and distinct but isomorphic under the map

w— w !

in the weak case (see, e.g., [4]). Therefore we may define the weak
and absolute order graphs using either left or right order. For consistency
with our Cayley graph definition above, let us choose left order. Then, by
an argument similar to that given in ([8], Proposition 3.1.6) applied to both
the weak and absolute orders, if u <y v the intervals [u,v]; and [1,uv!]y
are (order) isomorphic. It follows that u < v implies d(u,v) = d(1,uv™!) =
{(uv™t). But, by our definitions, right multiplication by elements of W is
an automorphism of both the weak and absolute order graphs, so d(u,v) =
d(uw,vw) = d(uv™,1) = d(1,uv™') = ¢(uv™") holds for any pair of group
elements {u, v}.

The tools used to obtain the distance spectra of the weak and absolute
order graphs have very different flavors, attributable to the fact that the
absolute length is a conjugacy class invariant. This permits the use of simple
character theoretic techniques in the absolute order case. A wider variety of
tools must be brought to bear in the weak order case, yet one can obtain
simple closed formulae for the distance spectra of the weak order graphs of

types I, A, D, and E, and perhaps for many of the others.

We begin with a general discussion of the fundamental relationship be-
tween the distance matrices of interest here and the group algebras of the
Coxeter groups. This is followed by an analysis of the distance spectra of
the absolute order graphs, then by a discussion of the distance spectra of
the weak order graphs. Various conjectures and problems are posed, some of

which are partially answered along the way.



Type | Distance Polynomial praw.r)(q)
(¢—7)(qg—1)(qg+2)*
(¢ —46)(q —2)°(q + 2)°(¢q + 6)°
Ay | (g—326)(q—6)*(q—2)*(q+4)'"%(q +6)*(q +24)'°
¢°(q —100)(q — 4)" (g +4)°(¢ + 8)"
Hs | (¢ —268)(q —8)"(q — 4)*(q +2)**(q¢ + 8)* (¢ + 12)"*(q + 32)
(¢ — 544)(q — 16)(q — 8)* (¢ — 4)*'¢*" (¢ + 8)* (¢ + 16)*"(q + 32)"
Fy | ¢'%(q — 3600)(q — 240)(q — 48)%(q — 32)%%(q — 24)'(q — 16)16?
(¢ —12)*%(q — 8)"(q 4 16)"7(q + 24)"*(q + 48)'% (¢ + 96)**
Ir(5) | (¢ —13)(q —3)(¢ +2)°
I5(6) | (¢ —16)(q — 4)(q +2)"
I,(7) | (¢ —19)(q —5)(q +2)"

Table 1: Distance polynomials of absolute order graphs for some Coxeter
types.

2 Distance Matrices and the Group Algebra

Define
L:=> lwyweCW.
weWw
Let p be the (left) regular representation of W extended linearly to CW.
Then the matrix representation of £ with respect to the basis elements w €
W is precisely d:

L)y = Zg(w)p(w)v = Z@(w)wv = Zﬁ(uv_l)u = Z d(u,v)u

Thus, to investigate the distance spectrum of the absolute order graphs, we
may study the properties of L7, which is constructed from ¢, and mutatis

mutandis for the weak order graphs.



3 The Absolute Order Graphs

3.1 A Formula for the Spectrum

In Table 1 we have calculated the distance polynomials of the absolute order
graphs for some Coxeter types. ¢ In all the cases computed, the spectra
are observed to be integral; this turns out to hold in general, as we shall see
in Section 3.2. Using character theoretic techniques we have the following

result.

Theorem 1. Let dr be the distance matriz of the absolute order graph

L(W,T). Then the eigenvalues of dp are given by
1
T = ? Z | K[ lr(wre) x(wi),
K

where K runs through the conjugacy classes of W, wg is any element of K,
X ranges over all the irreducible characters of W, and f = x(1). Moreover,

the multiplicity of n, is f.

Proof. By a lemma of Carter [11], {r(w) = codim V*, where V" is the fixed
point space of w in the reflection representation V. Hence, ¢ is constant on
conjugacy classes. The result now follows by applying Lemma 5 of [15] to
p(L7), recalling that each irreducible representation appears f times in the

regular representation. ]

3.2 Integrality

If /7 were only constant on conjugacy classes there would be no necessary

reason for the eigenvalues given by Theorem 1 to be integral. But {7 satisfies

6These polynomials (and the ones in Table 2) were computed in MAPLE with the help
of John Stembridge’s package COXETER. The author is grateful to Stembridge for making
his package freely available.



a stronger property that does ensure integrality. The following argument is

essentially due to Isaacs [29]. 7

Let G be a finite group, and let K(g) denote the conjugacy class of g.

The rational class Kr(g) of g is a disjoint union of conjugacy classes:

(2)=(9) sERy

where (g) is the cyclic group generated by g, r is the order of g, and R, is a

reduced residue system modulo 7.

Lemma 2. Let V' be a G-module, and let 1(g) = dim V9. Then 1 is constant

on rational classes.

Proof. If the spectrum of g on V is {\;},, then the spectrum of ¢° is

th

{A7},. If g has order r then J\; is an r*" root of unity, so if s is coprime to

r then \; =1 & A\ = 1. Hence g and ¢° have precisely the same number of
eigenvalues equal to unity, and ¢ (g) = 1¥(g°®). The result now follows because

1 is constant on conjugacy classes. O]

Lemma 3. For every irreducible character x of G and for any g € G,

> x(h) ez

heKr(g)
Proof. Let g have order r. Then

plg) = Y x(h)=>_ x(@IK(@)=IK> x(g),

heKr(g) SERy SERy

where we used the fact that (tgt=!)* = tg*t~! implies |K(¢°)| = |K(g)|.

"Isaacs omits many details, asserting that the main result of this section, Theorem 6,
holds for “quite trivial reasons”. At the risk of dwelling on trivialities, the author felt that

it was worthwhile to elucidate some of the relevant details.



Let ¢ be a primitive 7! root of unity. Let Q, = Q[¢] be the r*® cyclotomic
field, and let G := Gal(Q,/Q) be the corresponding Galois group. G acts on
elements of Q, by sending ¢ to (" for some m relatively prime to r. Let V' be
the G-module affording x, and let the spectrum of g on V' be {A;},. Then

for any s,
=> X eQ,.

It follows that for any o € G, x(¢9°)° = x(¢g*) for some k relatively prime to
r. Hence ¢(g)? = ¢(g). But an algebraic integer is rational if and only if it
is fixed by G. O

Lemma 4. Let v : G — Z be an integral-valued function on G. If i is

constant on rational classes, then |G|y is a virtual character of G.

Proof. 1) is certainly constant on conjugacy classes, so it can be written as a

linear combination of irreducible characters:

=Y

Let T be a set of representatives from each rational class. Let [-,-] denote

the usual inner product on characters. As the rational classes partition G,

Glay = [ G = S x(9)v(9) =3 3 x

geG teT heKr(t)
=Y ) > x(h) ez,
teT hEKr(t)
by Lemma 3. [

Remark 5. The main result of [29] is actually a somewhat stronger (and
much less “trivial”) fact, namely that if ¢)(g) = dim V9 then et is a virtual
character where e is the least common multiple of the orders of the elements

of G. 8

8

e is often called the exponent of G, but as this word has a different meaning for

reflection groups, we eschew its use here.



Theorem 6. The distance spectra of the absolute order graphs are integral.

Proof. By Theorem 1 we can write n, = (|W|/f)[¢r,x]. Because central
characters (expressions of the form x(wg)|K|/f) are algebraic integers (e.g.,
[30], Theorem 3.7), n, is an algebraic integer. Carter’s lemma and Lemma 2
imply that ¢7 is constant on rational classes of W, so by Lemma 4, |W|lr is

a virtual character. Hence 7, must be a rational integer. O

3.3 Eigenvalues for Various Coxeter Types

For every Coxeter group W and for each irreducible character y of W, define

a Poincaré-type polynomial by

Py(q) = % S w(w)g ).

weW

From Theorem 1 we get

Corollary 7. Let x be an irreducible character of W of degree f. Then

dP,(q
x = gq()

q=1

is an eigenvalue of the distance matriz of the absolute order graph I'(W,T)
with multiplicity f2, and these eigenvalues constitute the entire distance spec-

trum.

Using Corollary 7 we may compute the distance spectra of some of the
absolute order graphs more explicitly. First we consider the graphs of type A.
Recall [20] that the irreducible characters x, of &,, are indexed by partitions
A= (A, Ay ..o, A) of n (written A F n) with Ay > Ay > -+ > X\, > 0. The
degree of y, is fy. Viewing the partition A\ as a Ferrers diagram with \; cells

in the i** row, the content c(u) of the cell u in the i** row and j** column

10



is c(u) == j — 1, and the hook length h(u) is A\; + \; —i — j + 1, where X’
is the conjugate partition obtained by flipping the diagram of A about the
diagonal. ?

Theorem 8. The eigenvalues of the distance matriz of the absolute order

graph T'(&,,,T) are given by

m=y_cw) [T +e)).

UEN u' #u

In particular, the eigenvalues are integral. Fach one occurs with multiplicity

13, where

Proof. For any permutation o € S,,, dimV? = k(o) — 1 where k(o) is the
number of cycles in the cycle decomposition of o. Hence, ¢r(0) = n — k(o),
because dim V' = n — 1. We also have ([39], Cor. 7.21.6 and Ex. 7.50; see

also [34]), X
T > al@)d" ™ =[](a + ew).

ce6, UEN
Thus
Py(q) =q" [ [(¢7" +c(w) = ] (1 + ge(w)).
ueA uEA
Now differentiate with respect to ¢ at ¢ = 1. The multiplicity assertion

follows from the hook length formula. O

To illustrate Theorem 8, let us take n = 4. The Ferrers diagrams to-
gether with their contents are given in Figure 1. The dimensions of the

corresponding irreducible representations are 1, 3, 2, 3, and 1, respectively.

9We employ English-style diagrams where the upper leftmost cell is (1, 1) and i increases

down and j increases to the right.

11



0 |+1

Figure 1: Ferrers diagrams and their contents for n = 4

From Theorem 8 we obtain the eigenvalues —2, 42, —2, —6, and 46, respec-
tively. Hence, the distance polynomial of the absolute order graph of type
As is

preeun(q) = (a = 46)(q — 2)°(g +2)°(¢ + 6)°,

as indicated in Table 1.

In [34] Molchanov derives expressions for the “Poincaré polynomials”

Ry(q) = % > x(w)g™ V"
wew
for the finite Coxeter groups of types A,,_1, B,, D,, and Is(m). Using his
formulae one can obtain results analogous to those of Theorem 8 for the
absolute order graphs corresponding to these types. The computations for
types B, and D,, are similar to those for type A,,_; but more involved, and
are left to the reader. Type I5(m) is sufficiently simple that we can write a

closed form expression for the distance polynomial in this case.

Theorem 9. The distance polynomial of the absolute order graph T'(I(m),T)

s given by
Prow(nem) (@) = (¢ = 3m +2)(g = m+2)(q +2)*"

Proof. From Carter’s lemma we have



Using the expressions for R, (¢) in type I>(m) given in [34], we obtain

1+mgq+ (m —1)¢%, (trivial representation),
P(q) =<1 —mq+ (m—1)¢* (alternating representation),
1—¢q?, (all others).

Combining these results with Corollary 7 yields the assertion. O]

Remark 10. Shephard and Todd [37] and Solomon [38] showed that the

Poincaré polynomial of the trivial character is

Pi(q) = [J(1+ (d: = 1)g),

(2

where the d; are the invariant degrees of W. As |W| = Pi(1) = [[,d;,
Corollary 7 gives the following.

Corollary 11.

I P

Examination of the results of Table 1 suggests a pattern.

Conjecture 12. 1y s the largest eigenvalue of the distance matrix of the

absolute order graphs.

Remark 13. The methods discussed in this section can be applied to derive

simple expressions for the determinants of the g-deformed operators:

Z qu(w)w_

For example, the theorem below follows easily from the proof of Theorem 8

and a result of Frobenius [19] on group determinants.

13



Type | Distance Polynomial pray,s)(q)
Ar | (g —9)(g+1)(g+4)?
As | ¢""(¢—72)(q+4)*(¢ + 20)
As | ¢"%(q — 600)(q + 20)%(q + 120)*
Bs | ¢**(q — 216)(q + 8)%(¢* + 64q + 384)°
Dy | ¢'™(q — 1152)(q + 224)"(q + 32)°
Ds | ¢'%(q — 19200)(¢ + 2880)°(q + 320)"
Hs | q'%(q — 900)(¢? + 248¢ + 3856)3(q + 24)*(q + 12)°
Fy | ¢"27(q — 13824)(q + 192)'6(¢? + 2688¢ + 313344)4
Es | ¢°1%%%(g — 933120)(q + 112320)%(q + 8640)*
L(5) | ¢"(g —25)(q + 1)(¢* + 12¢ + 16)*
12(6) | ¢°(g — 36)(q +2)*(¢* + 16¢ + 16)?
I(7) | ¢°(q — 49)(q + 1)(¢’ + 24¢* + 80q + 64)°

Table 2: Distance polynomials of weak order graphs for some Coxeter types.

Theorem 14.

2

=11 [Ha - qc(u))] A :

AFn Luel

det (477 )

o,meS,

Similar but more involved expressions can be written down for types B, D,

and I, using Molchanov’s results.

4 The Weak Order Graphs

As mentioned in the introduction, computation of the distance spectrum
of the weak order graphs is complicated by the fact that the length function

14



(s is not a conjugacy class invariant. Yet examination of the distance polyno-
mials in this case (Table 2) reveals that there appear to be far fewer nontrivial
eigenvalues in the weak order case than in the absolute order case. The data
indicate that, in most cases, the majority of the eigenvalues are zero, reveal-
ing that the distance matrices are highly degenerate. Furthermore, in some
cases the spectra are integral, with only three nontrivial eigenvalues. Intrigu-
ingly, these cases seem to correspond precisely to the simply laced Coxeter
groups, namely those of types A, D, and E. In Section 4.8 we explicitly com-
pute the distance spectra of the weak order graphs of types A, D, and E, and,

in the process, provide an explanation for the observed spectral structure.

4.1 The Dihedral Case

The weak order graphs of type Iy(m) are particularly simple: they are just
cycles of length 2m ([8], p. 66). Therefore, we can easily obtain the distance

matrix dg:
ds =circ(0,1,2,..., m—=2m—1mm—1m—2,...,2/1).

Here circa denotes the circulant matrix with first row a (and subsequent
entries right-shifted). The spectra of circulant matrices are well known (e.g.,
7], 13.2).

Theorem 15. Let C = circ(ag, ai, ..., agm_1). Define ¢ := ™™ and &, =
C*, 0 <k <2m —1. Then the eigenvectors of C are of the form

<1a glm 5}37 SR ]zm—l)T,
with corresponding eigenvalues

Ak = ao + a1&y + @&y + -+ agm 1

15



Applying Theorem 15 to the matrix dg gives the distance spectra (and there-

fore the distance polynomials) of the dihedral groups. °

Theorem 16. The eigenvalues of the distance matriz ds in type I(m) are

given by
—csc?(km/2m), k odd and nonzero,
A =40, k even and nonzero,
m2, k=0,

where 0 < k <2m — 1.

Proof. When k = 0 we find

Ao = (2ij> —m=m?,

For k # 0 we get

m—1
A= (P84 +m¢m.
=0
Now
iy d = d [(1—-27 —mz™ 1—2m
i_ 4 Ji— 2 —
]2_%]2 Zdzjz_; Zdz(l—z) 1—z —1—2(1_2)2,

so substituting z = ¢* gives

1 1
e () (1 AR c-k)

+(1— (=1 ((1 _Cck)2 T (1 _Cg—k>2> +(=1)'m
B . 2 (1= (=1)F) 5k
= (1 - (_1) )(Ck/g _ C_k/2)2 - 2 se %

O

10The distance spectrum of a cycle has undoubtedly appeared many times in the liter-

ature. The earliest reference of which we are aware is [23].

16



4.2 Computations in the Group Algebra

In this section we obtain some general results valid for all Coxeter types.
Recall from Section 2 that the distance spectrum coincides with the spectrum
of the operator Lg in CW.

Theorem 17. Let wy be the element of mazximum length in W. Define

v(w) == (14 wp)(1 —w), where w # 1,wy. Then v(w) € ker Lg.

Proof. 1t is well known that wy is an involution satisfying, for any w € W,

ls(wwy) = Ls(wow) = Lg(wy) — Ls(w).

Thus

Ls(l+w) =Ls+ > Ls(uwo)u=Ls+ Y (Ls(wo) — Ls(u))u = Ls(wo)Z,

where
1= Z u

is (up to a constant) the trivial idempotent of W. But every group algebra
element of W of the form 1 — w is annihilated by the trivial idempotent [J

We remark that not all of the elements v(w) given in the theorem are

linearly independent. Indeed, at most half of them are, because
v(w) = v(wew).

We could multiply from the right by another element u # 1 to get additional
zero modes, but it becomes a delicate matter to determine the number of
these that are linearly independent. Instead, we will proceed differently

below.

It is easy to construct two more eigenvectors of Lg.

17



Theorem 18. Let T = ) u be the trivial idempotent (up to a constant).
Then )
LT = SN|WIL,

where N is the number of positive roots and |W| is the cardinality of W.

Proof.

LT = Zﬁs(w)wZv = Zﬁs(w) Zu = (Z Eg(w)> T =:\T.

Let W(q) := Y, cw ¢°™ denote the Poincaré polynomial, or length gener-

ating function, of the Coxeter group W. It is a classical fact that

where {dy,ds, ..., d,} are the invariant degrees of W and [k, := 1+q¢+¢*+
-+ ¢ 1. Clearly,

y = W)
= ——
dg |,y
But
d[k] . 1
_ q _ .
ki =k  and | —Z] = gh(k—1).
q=1 7j=1
Moreover,

[[d=w] and > (d-1)=N,

)

where |V is the size of W and N is the number of positive roots. So

" 1 1
AL = Z §di<di —1) de =3 Z(d’ - DW= §N‘W’
i=1 j#i ‘

The values of A\; for the various Coxeter types are given in Table 3.

18



s(p)n! | 27 tn?nl | 277H(D)nl | 28365 | 2936572 | 21636537

F4 G2 H3 H4 Ig(m)
2933 | 36 | 223252 | 273353 | m?

Table 3: Eigenvalue of the trivial idempotent by Coxeter type.

Theorem 19. Let A := ) (—1)"w be the alternating idempotent (again,

up to a constant), where (—1)* means (—1)™) . Then

Ls A= NA,
where
\ —1, if W =W(As) or W(I(m)) for m odd,
2 =
0, otherwise.
Proof.

LsA=> Us(wywd (-1)'v = ls(w)> (~1)"wv
= ls(w) D (=) ru = (=1 ls(w) Y (—1)"u

u w u

= (Z(—nwzs(w)) A =: XA,

w

where we used the properties of the length function ¢g(w) = fg(w™!) and
(=)™ = (=1)"(—1)" (e.g., [27], Sec. 1.6). In terms of the Poincaré polyno-

mial, we have

19



d[k], 0 if k is even,
Koa=-—7= =
q=—1 1 if k is odd.
The degrees of W (As) are 2 and 3, and the degrees of W (Iz(m)) are 2 and

m, whereas every other Coxeter group has at least two even degrees. O

The other eigenvectors are more difficult to determine, because the non-
commutativity of the group algebra becomes a serious impediment to com-
putation. Instead, we follow a different line of attack, which enables us to
compute a part of the distance spectrum of all weak order graphs, and the

entire spectrum of the weak order graphs of types A, D, and E.

4.3 A Variant of the Distance Matrix

Let V' be the vector space affording the reflection representation of W,
equipped with the usual inner product (-,-). Let ® be the root system asso-
ciated to W. As the length of the root vectors is immaterial here, we choose
(a,a) = 2 for a € ®. The positive roots are denoted by II, and we write
a > 0 (respectively, a < 0) if a € II (respectively, a € —II). The length of
any element w € W can be expressed as the number of positive roots sent to

negative roots by w:
ls(w) = |wll N (=1T)| = |wIl Nwell|,

where, as before, wy is the longest element of W. Hence, the distance matrix

can be written

ds(u,v) = ls(u ) = [u Wl Nwell| = |[vIT N uwoll].

It turns out to be more convenient to define a new function gg(u, v),

whose spectrum is simply related to that of dg(u,v).
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Theorem 20. Let dg(u,v) := [uIll NoIl|. Then

specds = {1, Ao, -, Awi} © specds = {A1, = Ao, ..., =N }-

Proof. We have

ds(u,v) = |ull Noll| = [u"WIT N T| = |weu™ 0TI N well| = £s(wou'v)
=N —ls(uv) = N —dg(u,v),

where we used the fact that fg(wy) = N. Viewing dg and JS as matrices,

this equation reads
ds = NJ —dg,

where J is the all ones matrix.

Now we use Theorem 18, which says that the all ones vector j (corre-
sponding to the trivial idempotent 7) is an eigenvector of dg with eigenvalue

N|W|/2. Hence
~ . . . 1 .1 . .
dsj = NJj —dsj = (N|W| = gNIW[)j = S NIWI|j = Aij.

That is, 7 is an eigenvector of glvs with eigenvalue A;. Furthermore, any
other eigenvector v of dg (with eigenvalue A, say) is orthogonal to 7, so it is
annihilated by J. Thus

ng = —dgv = —Aw.

4.4 The Permutation Representation

Let ¥ be the vector space direct sum of the one dimensional subspaces
spanned by the root vectors in ®. To distinguish root vectors as elements of
U as opposed to elements of V' we use Dirac’s bra-ket notation. Thus, vectors

in U are denoted by [¢) and dual vectors by (¢|. The standard inner product
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on V¥ is given by (| ) = dap, where o, f € ® and 0,4 is the Kronecker delta.
Let p be the (unitary) permutation representation of W afforded by V¥, so

that p(w) |e) = |wa). Define [¢pe) := 35, ¢ la) and [¢u) = p(w) [¢c). By

construction, we have
ds(U, 'U) = <¢u| ¢v> :

That is, we may view dg as a Gram matrix of size |IW].

But the vectors [¢) live in a much smaller space ¥ of dimension 2N. Tt is
a standard fact of linear algebra ([25], Theorem 1.3.20) that, for any matrix
A, the matrices AAT and AT A have identical spectra up to zeros. We can

exploit this fact here.

Theorem 21. Define a linear operator on ¥ given by

0= Z ’%) <ww| .

Then, up to zeros, the spectra of JS and ® coincide.

Proof. Define a |WW| x 2N matrix A by
Yw) = A(w, ) |a) .
acd
On the one hand we have

ds(u,v) = (V] ) = Y Alu, B)A(v,a) (8] &)

a,BED

= ZA(u, a)A(v, a)

= (AAT),,.

On the other hand, identifying ® with its matrix representation in the or-
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thonormal basis {|a)} of roots gives

Dap = (a|D[8) = Y {al ) (Wul B)

weWw

—ZAsz (w, B)

weWw

= (ATA>aB
O
The advantage of studying ® is that it is of size 2V, which is generally

considerably smaller than |W|, the size of JS. Moreover, it has a particularly

elegant formulation.
Corollary 22. Let {o, 3} C . Then
Dop = {w e W rwa >0 and wf > 0}

Proof. Note that A(w,a) = 1 if some positive root is sent to a by w, and 0
otherwise. Thus, ®,4 is the number of group elements that map a pair of
positive roots to a and 3. Equivalently, by considering inverses, we see that
Dap 1s the number of group elements that map the roots o and 3 to a pair

of positive roots. O]

For future use, we observe that ® is equivariant:

Theorem 23. » : ¥V — VU is a W-module homomorphism.

Proof. pis unitary, so pT = p~!, where ‘1’ denotes ‘Hermitian adjoint’. Hence,

p(u) ZP w) [e) (el p~H (w)p™ (u)
=Zpuw ) (el o7 w0
—Zp ) [the) (W] p~" (')

=9.
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O

In particular, by Schur’s lemma, ® is constant on the irreducible submodules
of U. We will use this fact in Section 4.8.

W preserves angles (because it acts by orthogonal transformations in the
reflection representation V'), so the entry ©,4 will depend on the angle 6,3

between the two roots. For o, 3 € ® define m,s by

(v, B) = —2cos T ,
Map

so that 8,3 = m — (7m/mqap). When restricted to simple roots, the m,g are
the edge weights of the Coxeter-Dynkin diagrams representing the various
Coxeter groups, but it is useful here to extend the definition to all roots.

This brings us to the following key result.

Theorem 24. For all {«, 5} € ® and for all Coxeter types,

o _ Wl _ W[ =
P 2Mag 2r \Mag /)

In particular, ®,p is proportional to the supplement of the angle between the

10018S.

In Section 4.5 we prove Theorem 24 for the symmetric groups, while in

Section 4.6 we prove it in general.

4.5 The ©® Matrix of Type A

Theorem 25. Let W = W(A,,_1) = &,,. Then, for any pair o, 3 € P,

n! n! (7
@ == = — 5
o 2meg 2 <ma5)

where the mqp are given in Table 4.
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Oop | (@, 0) | Dap | Map | T/Map
0 2 [nlj2| 1 n
73 1 | ny3|3/2 | 2n/3
/2 0 nl/4| 2 /2
2n/3 | -1 |nl/6] 3 /3
s -2 0 o0 0

Table 4: Root data for type A, ;.

Proof. The positive roots of type A,,_; are of the form e; —e;, 1 <i < j <mn,
where e; is the i*" unit vector in R™. For shorthand (and with an eye towards

generalization to type D), we denote |e; — e;) by [, ) so that
U, ={li,j) 1 1<, j <n}.

Consider the root |i, 7). There are n!/2 ways to map it to a positive root,
because half of the permutations o satisfy o(i) > o(j) and half satisfy
o(i) < o(j), independent of ¢ and j. Hence D,, = n!/2 for all a. Next,
consider the off-diagonal terms of ©. The pair {«, 3} could be one of the fol-
lowing generic forms: (a) {[i,7), &}, (b) {16,), [i, B}, (€) {16.7), [k, 7)1,
(d) {li.4), |4, k)}, or (e) {|i,J) .|k, 0)}. Case (a): No permutation o carries
a pair of the form {|i,j),|j,7)} to a pair of positive roots, because either

o(i) > o(j) or o(j) > o(i), so one of the images is always a negative root.
Case (b): We want o(i) < o(j) and (i) < o(k). Given a triple (a,b,c) of
numbers with a < b < ¢ chosen from a set of n numbers, we may set o(i) = a,
o(j) = b, and o(k) = ¢, or (i) = a, 0(j) = ¢, and o (k) = b. There are 2(})
ways to do this, and (n — 3)! choices for the remaining numbers, for a total
of 2(%)(n — 3)! = nl/3 choices. Case (c): This is the reverse of case b, so the
value here is also n!/3. Case (d): Any triple (a,b,c) satisfies a < b < ¢, so

we specify ¢ by choosing a triple in (") ways and the rest of the numbers in

3
(n — 3)! ways, for a total of n!/6 choices. Case (e): We want o(i) < o(j) and

o(k) < o(¢). First pick a quartet of numbers in (Z) ways, then pick pairs in
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(;1) = 6 ways, and finally pick the rest of the numbers in (n — 4)! ways, for

a total of 6(7})(n — 4)! = n!/4 choices. Now correlate the various cases with

the angles between the roots to obtain the results in Table 4. O]

4.6 The Dihedral Case Revisited

The roots of W may be identified with roots of unity, appropriately scaled

to agree with our convention on root lengths. Let ¢ = e'™/™. Then
d={V20:0<j<2m—1}

We choose the first m of these to be positive. For brevity we write |a) for
‘\/§C“> and |a) > 0 if v/2¢* € II. In this notation, |1.) = > 0<a<m—1 la) and
’ww> = Z()gagmfl \wa)

Theorem 26. Let W = Iy(m). Then for any two roots |a) and |b) with
b—a=k, k=0,1,...,m,

@ab:<a|@|b>=m—k=@(i),

21 \ Mgy

where mg, = m/(m — k) for k # m and my, = oo if k = m. In particular,
the entries of ® are proportional to the supplements of the angles between

the roots.

Proof. Let r € W be a rotation through 27/m, and let ¢ be the reflection
about the y-axis. Then

r¥la) =]a£2) and t|a) =|m—a),

where arithmetic within kets is performed modulo 2m. Label the group

elements with the numbers from 0 to 2m — 1 by setting

ri/2, if j is even,

rU=D/2¢ if j is odd.
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Then, for any 1,

, |7 +1), if 7 is even,
;1) =

lm+j—i—1), ifjisodd.

It follows that

0<a<m-—1

Recall that we defined A(w, ) in Section 4.4 by
[bu) =D Alw,a) |a) .

Labeling the rows by {u;} and the columns by |k) (starting with j = k = 0)
we find that the matrix A is of the form

m times

A=cire(T1,1,...,1,0,0,0,....0),
Circulant matrices are normal (e.g., [7], p. 352), so
ds = AA" = ATA=1D.
In particular, we have
dg =D =circ(m,m—1,m—2,...,1,0,1,2,...,m — 1).

(Observe that we regain the results of Section 4.1, because dg = N — EZVS =
m — élvs)

Lastly,

(a,b) = 2(¢*, (") =2Re("™ = 2Re (" = ZCOSk—7r = —2cos — ,
m Map

where mg, = m/(m — k), and 7/my, is the supplement of the angle between
the roots a and b. H
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Proof of Theorem 24. Let ®,5 be the root system of the dihedral subgroup
Gop generated by the reflections through the hyperplanes ker o and ker (3.
If w € W satisfies wa = v and w3 = 6, then by linearity w®,5 = P.s.
Partition

U={ueW: :ud,z =}

into right cosets U; of G.5. By Theorem 26, |G4s|/2myaus = |Uil/2mags
elements of U; map {a, B} to IIN®.s, so |U|/2m,s elements of U map {a, 5}
to a pair of positive roots. Summing over all subsets of the form U gives the
desired result. O]

4.7 The Spectrum of ©

The determination of the spectrum of ® requires two steps. First we must
construct ® by finding the angles between all the elements of ¢, then we
must diagonalize the matrix. In this section we present some general results
applicable to all Coxeter groups, while in Section 4.8 we consider the specific

cases of types A, D, and E.

Lemma 27. The trace of © is N|W|.
Proof. The dimension of ¥ is 2NV, and by Theorem 24, ®,, = |W|/2. O
Lemma 28. Let w € W and {«o, 3} C ®. Then

1
@aﬁ + @ayfg - §|W‘

Proof. This follows immediately from Theorem 24. It can also be seen di-
rectly. If wa > 0 then ws,a < 0. As w — ws, is a bijection of W, we get
{w € W : wa > 0} = |W|/2. Let w be such that wa > 0. Then either
w@ > 0 or wi < 0, but not both. O
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Choose 0 < o« € ® and define

[Ya) = @) + =)

and

DEDI R

yeD

Lemma 29.

1
D [4a) = 5IWI 1.

Proof. By Lemma 28,

D [t) = 3 (Dra + D10 1) = 5171 )

yed yed

We can now recover the results of Table 3.

Lemma 30. With the definitions above, we have

1
D) = SNIW| |0,

Proof. This follows from Lemma 29 and the fact that there are N positive

roots. O

For any pair {«a, 3} of distinct roots, define

[Yap) = [Ya) — [¥3)
and let Y be the subspace of ¥ spanned by all vectors of this type.

Lemma 31.
Y Cker®.

Furthermore, the dimension of Y is N — 1.
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Proof. 1t is clear from Lemma 29 that © [¢),5) = 0 for all {«, 5} C ®. There
are N linearly independent vectors of the form |v,), but only N — 1 linearly
independent vectors of the form |¢,3), because (t| ¥,3) = 0. (For example,

one linearly independent set consists of all the vectors of the form [¢,5) with
a fixed and § # a.) O

From Theorem 21 and Lemma 31 it follows that the multiplicity of zero
as an eigenvalue of d is at least |IW| — N — 1. Examination of the results in
Table 2 reveals that equality holds in all the cases computed. This prompts
the following.

Conjecture 32. Y = ker® for all Cozeter types.

Remark 33. Conjecture 32 holds for types I, A, D, and E by virtue of
Theorems 16 and 37.

4.8 The Distance Spectra in Types A, D, and E

In this section we obtain the spectrum of the matrix © for types A, D, and E,
and hence, by Theorems 20 and 21, the distance spectra of the corresponding

weak order graphs.

4.8.1 The Eigenspaces V. and U

The possible angles between root pairs are 0, 7/3, /2, 2r/3, and m. Select
{a, 5,7} C ® to be distinct coplanar roots with o + 3+ v = 0, so that each

pair has an angular separation of 27 /3. Define

[Yapy) = le) +10) + 1) = [=) = |=5) = =),

and let W, be the subspace of ¥ spanned by all vectors of this form.
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Theorem 34. Let W be of type A, D, or E. Then, with the above notation,

[Vagy) is an eigenvector of the matriz ® with eigenvalue |W|/6.

Proof. We have

(@19 o = 5 (r4 343 -0 -2 -2 0L
Similarly,
(819 i) = (11D o) = 21
and
(=] D ) = {81 [hasn) = (=71 D o) = ~ 2.

Next, suppose o & {a, —a, 3, — 3,7, —7}. By construction
0= (o,a+F+7) =2(cosbyq + cosb,5 + cosb,,),
so the only two possibilities are
{050, 008,001} = {m/3,7/2,27/3}
or
{00, 008,00, = {m/2,7/2,7/2}.
In either case,

<U| £y |¢aﬁ’y> =0.

Hence,

w
D o) = 0 ).

Theorem 35. In type A,,_1, the dimension of V. is (ngl)
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Proof. Let « = ¢; —¢;, B =e; —ex, and v = e, — ¢;, where 1 < j < k or
1> 7 > k. Then in type A, _1,

[Yagy) = [ik) = 1i,7) + |4, k) + |k, i) — [4,7) — |k, J) — |i, k) .

Temporarily identifying |¢,7) with —|j,7), we may view the vector |¢;;i) as
an oriented 3-cycle in the complete graph K, on n vertices by associating
li,7) (respectively, |4,7)) with the oriented edge (i,j) (respectively, (j,1)).
The cycle space of K,, is spanned by these 3-cycles, and the cycle rank,
the dimension of the cycle space, is the number of linearly independent 3-
cycles. The cycle rank of any graph is m — n + ¢, where m is the number of
edges, n the number of vertices, and ¢ the number of components. For K,

m = (g), so the number of linearly independent vectors of the form |¢;) is

() =n+1=(""): -

It is more difficult to obtain the dimension of W, in types D and E in this
manner, because the linear dependencies are more involved. For example,
the root system of D,, consists of all vectors of the form +e; & e; where
1 <i < j <n. Denote |e; + ¢;) by |i,j) and |—(e; + ¢;)) by [4,7), and adopt
the convention that |i, 7) = |j,4). Then in type D, in addition to eigenvectors

of the form [¢;;,) given above, ¥, also contains eigenvectors of the form

as well as others of a similar nature. Mimicking the proof of Theorem 35
would necessitate the introduction of graphs whose edges are decorated with
signs as well as arrows. Although a proof along these lines may be possible,
it would not generalize easily to other Coxeter types. Instead, we proceed
differently. !

1Tn a prior version of this paper the author put forward a detailed representation
theoretic argument to calculate the dimension of ¥, in type D. An anonymous referee
suggested the simpler and more uniform approach that we use here (Theorems 36 and 37).
We are grateful to the referee for allowing us to use his argument.
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Theorem 36. The dimension of V. in types A, D, and E is N —n.

Proof. Consider the linear map 7 : ¥ — V given by |a) — a. It is clearly
surjective, so dimker 7 = 2N —n. Define U" := span{|a) + |—«)} for a > 0.
Obviously, ¥* C ker 7. But we also have ¥, C kerw. Moreover, the two
subspaces ¥* and ¥, are orthogonal relative to the standard inner product.
The objective is to show that kerm = ¥ @ ¥,. The theorem then follows

from the observation that dim ¢+ = N.

The essential fact is that for crystallographic root systems, every non-
simple positive root can be written as the sum of two positive roots ([36],
Proposition V.5.). For each non-simple positive root v fix an expression of
the form v = ay + 3,. Now restrict to types A, D, and E. Necessarily, the
angle between each pair of {a., 3,, —7v} is 27/3, so if 2 is the span of the

N — n elements of the form

)+ |=ay) + [=65) — [=7) — loy) = 18,),
then Q C V..

Any root is a linear combination of simple roots. If v = > _.c,c then

a€ES
we can write

) =) cala) + 1)

aes
for some [&) € T @ Q. (Either v is simple, in which case we may choose
|£) = 0, or 7 is non-simple, in which case we may choose [£) = |y) — |a,) —
16,) € ¥t @ Q.) It follows that ¥/(¥* @ Q) has dimension at most n, which
implies that Q = ¥, and kerm = U+ @ U,. O

Theorem 37. Let U := VU /kerm. Then ® has four eigenspaces in types A,
D, and E, namely span|t), Y, W, and U, with respective dimensions 1, N—1,

N —n, and n.
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Proof. By Theorem 23, the eigenspaces of ® are W-invariant subspaces of
V. 7 is W-equivariant, so V' and U are isomorphic as W-modules. As V is
irreducible, U must be an eigenspace of ©. But U =Y @ span i), so the
four eigenspaces of © are span |¢), Y, ¥., and U (with dimensions 1, N — 1,

N —n, and n, respectively). O

Theorem 38. The four distinct eigenvalues of © in types A, D, and E
corresponding to the four eigenspaces span|i), Y, W, and U are N|W|/2, 0,
|W /6, and |[W|(h+1)/6, respectively, where h is the Cozeter number of W.

Proof. The first three eigenvalues were obtained in Lemmata 30 and 31, and
Theorem 34, respectively. From Lemma 27 and Theorem 37, the sum of the

eigenvalues is

1 1
NW| = §N\W| + 6\W|(N —n)+An,
whence the result follows. (Recall that h = 2N/n). O

Theorem 39. Let W be of type A, D, or E, and let I'(W,S) be the cor-
responding weak order graph. Then the distance polynomials pr(q) of these
graphs are of the form

pr(q) = ¢"N! (q — %) (q + @) o (q - —'WKZ i 1))11.

Proof. Combine Theorems 20 and 21 with Theorem 38. ]

Using the values of |W|, N, n, and h for the various Coxeter groups
given in, for example, [27], we can write out the polynomials of Theorem 39
explicitly. The results are presented in Table 5. The reader should compare
Tables 2 and 5.
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Type | Distance Polynomial pray,s)(q)

—1

Ay qn!—(Z)—l (q—2() (¢+ n')( 2') <q | (o1 )

D, | gt (g — 27 ()t (g + 27”) T (g 2

Es | ¢71593(q — 933120)(q + 8640)3°(q + 112320)8

E7 q210.34-5-7—64(q . 29 X 36 .5 72)(q + 29 . 33 .5. 7)56(q + 29 . 33 .5.7. 19)7

E8 q214.35-52.7_121<q _ 216 . 36 . 53 . 7)(q + 213 A 34 A 52 . 7)112(q + 213 X 34 . 52 .7 31)8

Table 5: Distance polynomials of weak order graphs in types A, D, and E.

4.8.2 A Basis for the Eigenspace U in Types A and D

For types A and D is possible to write down a simple basis of eigenvectors
of ® that span U. Define

vty =3 () 1)) and ey = (6, 4) + 1)),

J#i J#i

where we agree that the terms of the form |7, j) and [i, j) are absent from the

)=o) = i),
Theorem 40. Let W be of type A or D. Then, with the above notation, the

vectors |F) form a basis of eigenvectors of U.

sums in type A. Set

Proof. Note that, from Theorem 24, for any {«, 5} C P,

(a|D|6) — (| D|-B) =2 {a|D|B) — |W|

—1
wﬁ>—w(”2 )HVL

where x = 1 in type A,,_; and = = 2 in type D,. Also, by Lemma 28 (and

It follows that

(o] D7) = 2(

the symmetry of @),

W

(~alD|6) = == — (a|D5),
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SO

(—alD¢7) = = (a[ D |47) .

Begin with type A,_;. In what follows assume k # ¢. Then

2m 2n —1
Pty = -2 =n!
)= <7T—|—n )3) n( G >,
which gives

(i KD ;) = 20! (2”6— 1) ol (n;l) et

Also, for any ¢ # 1,

(i, k| D |

SO

< > j > -
Combining the above results with the fact that h = n in type A,,_; shows
that

(n+1) |W|

D7) = U) = S (e D 140).

There are n eigenvectors of the form [¢}), but only n— 1 of these are linearly

independent in type A, _; because

Dol =

Now consider type D,. To evaluate (a|® ‘w:‘ +> we must consider four
cases. Case (i): (a| = (i, k|. We have

2n=Ipl s 27 8n — 7
) T o —2)2") = o1yl
VT =5y <7T+2+(” )3) ”( 12 )

& —7 2n —1
. K\ __ 9n| n—1 - _ on— 1'
(i, k| D |¢r) =2 n( 1 ) 2" nl(n—1) =2 ( 5 )

(i,

SO

36



Case (ii): (a| = <z,l%| Same as Case (i). Case (iii): (a| = (k,£|, ¢ # 1.

nlp) 1
(h0]D gty = 2. 2 "(5+2—”+(n—3)f):2”-1n!(” )

2m 3 3 2 2
SO

(k7

D u5) = 0.
Case (iv): (a] = <k:,ﬂ, ¢ # i. Same as Case (iii). Now combine the cases
and use the fact that h = 2n — 2 in type D,, to get

— h
o) =2t (225 =1 (M ) o).

There are n eigenvectors of the form [¢}), and all are linearly independent
in type D,,. O

5 Questions and Comments

We close with a few questions.

1. Are there simple descriptions of the eigenspaces of ® for the Coxeter

groups with non-simply laced diagrams?

2. As observed in Section 2, the left action of the operator
Z ls(w)w

on CW yields the distance spectra of the weak order graphs. A closely
related operator that arises in the study of g-statistics [42], noncom-

mutative symmetric functions [16], and hyperplane arrangements [40]

(see also [13] and [24]) is
Z ¢'sWy.

Obviously, the former operator is a g-derivative of the latter. Is there

any utility in this connection?
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