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Abstract

An algorithm is developed for computing the exact multiplicities of the irre-
ducible characters of &,, appearing in the permutation character 16”, where Q is a
Sylow-g-subgroup of &,,. As a bonus, the algorithm provides a method for calcu-

lating the values 18" (v) at any partition v.
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1 Introduction

For the last several years, Eugenio Giannelli, Stacey Law, and their colleagues have inves-
tigated the properties of the induced characters 8%, where # is an irreducible character
of a Sylow-g-subgroup of the symmetric group &,, (see, e.g., [3] and references therein).
In [2] the authors demonstrate that, with a few exceptions, every irreducible character x*
of &,, (where A is a partition of n) appears as a constituent of the permutation character
18". In that same paper they ask for a combinatorial description of the multiplicities
that occur. In addition, in 7?7 the authors ask for a uniform method to evaluate these

characters at specific partitions.



In this paper we supply an algebraic (rather than combinatorial per se) answer to both
questions in the form of an algorithm. The algorithm derives from an analysis of the cycle
indices of the Sylow-g-subgroups of G,, carried out in [7], together with some results from

symmetric function theory. Briefly, the main result is as follows. !

Every m € &,, can be written as a product of disjoint cycles. The type vector of 7
is the vector ¢ := (¢1(m), ca(m), ..., cu(m)), where ¢;(m) is the number of cycles of m of
length 7. As )" ic;(m) = n, each type vector ¢ corresponds to an integer partition v of
n (written v - n), namely 19(M2¢2(™) ... pea(™ (in multiplicity notation). The partition
v obtained in this way is the cycle type of 7, and is denoted p(). It is easy to see that
the cycle type is preserved under conjugation, so we may write C, for the conjugacy class
of all partitions having cycle type v. It is well-known (e.g., [10], Prop. 1.3.2) that if

v =1%...n° then the cardinality of C, equals n!/z,, where
z, = 1%¢; ! ne,) (1)

is the cardinality of the centralizer of any permutation m with p(7) = v. If ¢ is a class
function on &,, we write ¥ (p(m)) for ().

Let x* denote the irreducible character of &,, associated to the partition A. Write

(W, 9)g = é S Ulg)elg)

geG

for the usual character theoretic inner product; then (x*, 1S">6n is the multiplicity of
Y in 18". Let Zg(t1,ts,...,t,) be the cycle index of () (considered as a permutation
subgroup of &,,), where the t;’s are algebraically independent indeterminates. Let p, :=
>;x} be the power sum symmetric function (in any number of variables), and for any
partition v = (11, 15,...), set p, := [[, p,,. Write Zg(p) for Zg(p1,p2,...,pn) and z, for
the cardinality of the centralizer in &,, of a permutation having cycle type u. Also, the
Kronecker delta is
1, if p=v, and

O = .
0, otherwise.

Theorem 1. The multiplicities (x*, lg”) may be obtained from by replacing each instance

of pu in Zg(p) by x (). The values 18”(V) may be obtained by replacing each instance
of pu in Zg(p) by 2,0,,.

'For background material on the symmetric group, symmetric functions, and representation theory of
the symmetric group, see [4], [6], [9], and [11].



In the remainder of this paper we prove Theorem 1 and give several examples of its use.

2 Preliminaries

In this section we collect some results that will be needed for the proof of Theorem 1.

2.1 Permutation characters

We begin with a well-known basic result.

Lemma 1. Let G be a finite group acting transitively on a finite set X. Let C(g) denote
the conjugacy class of g € G, and let G, be the stabilizer of v € X. Then the number of

fixed points of g on X is
_1C(9) NGyl

fix(g) = 09 | X

Proof. ([1], Prop. 8.4) By double counting. Let

S:={(c,z):cx =x,c€C(g),r € X}.

On the one hand, |S| = |C(g)| fix(c) = |C(g)| fix(g), as fix is constant on conjugacy classes.
On the other hand, |S| = |X||C(g) N Gyl O

If H is a subgroup of a finite group G then G acts transitively on G/H, and the permu-
tation character 1% (the induction of H to G) counts the number left cosets fixed by G
([4], 4.8). Hence, by the lemma,

_[Cl@)nH]|G]

15(9) = — A~ 171" (2)
" IClg)l  [H]
If H is a subgroup of &,,, then
C,NH| n! |C, N H|
15 (v) = —l — = (3)
" Co | H] |H]|



2.2 The Frobenius characteristic and the Hall inner product

Given any class function ¢ on &,, we can define its Frobenius characteristic ch(v)) by

() = o 3 v = 3 5 v

TeG, vkn

Using (3) we obtain
1
Ch<1gn): ﬁleIJQH“?V:ZH(pl?pQ?)’ (4)

where Zy is the cycle index (or cycle indicator function) of the group H, written in terms

of the power sum symmetric functions. 2

The set of power sum symmetric functions in n variables form a basis for the algebra A,

of all symmetric functions in n variables. The Hall inner product, defined by

<pu7pV>An = Zué,uu (5)

turns A,, into an inner product space. One of the key features of the Frobenius character-
istic is that it is an isometry between the space of class functions on &,, and the space A,
([11], Proposition 7.18.1) *

(¥, x)e, = (ch(¥), ch(x)) .-

The Hall inner product satisfies many important identities; we shall need the following

two. The first one says that the Schur functions s, form an orthonormal basis for A,,:

(S)\, Su) = 5)\,1/ (6)

The second identity (essentially, this is the Murnaghan-Nakayama rule; see ([11], Theo-
rem 7.18.5)) relates the power sum symmetric functions, Schur functions, and irreducible

characters x* of &,,:
(Poy 52) = X7 (v). (7)

We may use these formulae to expand the permutation character 12” in terms of

irreducible characters x*. Specifically, if

1 = ax® (8)
A

2See ([11], Sec. 7.24), which we follow here. According to Polya’s theory, Zx(p) equals the so-called

pattern inventory of H acting on the set of colorings of a set of size n, but we do not need this fact here.
3Henceforth we drop the subscript on the inner products, as it should be clear from context.
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then
Ly = Ch(lg") = ZGASA, (9)
A

and conversely. We may therefore restate Theorem 1 as follows.

Theorem 1. Let H be a subgroup of G,,, and let Zy be its cycle index written in terms

of the power sum symmetric functions. Then

1 = Z(ZH7 sAX (10)
B

Moreover, for any partition v F n,
15 (v) = (Zu,po). (11)

Proof. Equation (10) is immediate from (8) and (9), while (11) follows from (6), (7)
and (10). O

3 Permutation characters of Sylow subgroups

In this section we illustrate Theorem 1 by applying it to Sylow subgroups of the symmetric

group. For this, we need a bit more preparation.

3.1 Sylow-g-subgroups of G,

Let ¢ be a prime. * It is a classical result of Kaluznin that the Sylow-g-subgroups of &,,
may be obtained as cartesian products of iterated wreath products of cyclic groups. ®
Let Z, be the cyclic subgroup of order ¢q. Define the iterated wreath product

Wing = ZLig L Zg L+ - U Ly,

J/

-~
m times

where W, 11,4 := Wi g 1 Zg and Wy 4 := 1. The group W, , is most simply viewed as the
subgroup of the automorphism group of the complete g-ary tree of depth m generated by

4Unfortunately, we cannot use the letter ‘p’ here to denote a prime, as it is too easily confused with

the standard notation for power sum symmetric functions.
°For more details about the ideas in this section, see [7] and references therein.



cyclic permutations of the nodes of the subtrees at each level. ¢ As such a tree has ¢™
children, W, , is naturally as subgroup of &,~». By a simple inductive argument, we see
that W,,,, has order ¢"(™ where

q" —1

m—1 m—2
M(m) q +q + + q—1

Given Sylow’s theorems, the following result is not difficult (see, e.g., [7]).

Theorem 2. (Kaluznin, [5]) Let q be a prime.

o A Sylow-q-subgroup of S,m is isomorphic to an iterated wreath product Wy, ,.

o Let
n=by+big+--+bq"

be the q-adic expansion of n. Then a Sylow-q-subgroup of S, is isomorphic to the

direct product
Q =Wy x Wit x Wi x oo x Wl (12)
3.2 Cycle indices of Sylow subgroups

It was shown in [7] that the cycle indices of Sylow subgroups of &,, may be obtained using

a recursive procedure, as follows. Fix a prime ¢, and define

1
AV (k) = 5([A(T‘1)(k)]q +(¢g— DA D(k+1)) with ADk):=psr.  (13)
Then
Zw,,=AD0)  (r>1). (14)
This yields, for instance,
1
Zw,, = AD(0) = p ([A90)] + (¢ — 1) A (1))
1
= (p1 + (¢ — D)py)
1
=, (e + (0 = D) (15)

6An r-tree is just a tree consisting of one root with r children. The complete r-ary tree of depth m is
the rooted tree constructed inductively by attaching r-trees to the leaves of the complete r-ary tree of

depth m — 1, where the complete r-ary tree of depth zero is just a single node.
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and

Ziy,, = AP(0) = = ([AD(0)]7 + (¢ = 1AM(1))

Q|

1 qg—1
= (P! + (¢ — 1)pg)? + 7 (2 + (¢ — D)pg2)

= 2 (D)ptta=vmr + g - 1p)
k=0

1 &g - (¢—1)

- gitl Z (k}) (¢ —1) kp[l]q’“[q}q”“ + e (p[q]q + (¢ — 1)p[q2])v (16)
k=0

where for clarity we adopt the notational convention that a partition v = 142%...p% ig

now written v = [1][2]2 - - - [r]"". Finally, if
n=by+biqg+bg®+ - +bq"
be the ¢g-adic expansion of n, then
Zo =23, 2y, 2, = [AQ )] [AD ) AP (0)) - - [AV(0)]. (17)

Examination of (13) and (17) (together with the multiplicativity of the power sums) shows
that the power sums py appearing in Zg will all have part sizes equal to a power of ¢ and
nothing else, and that the highest power of ¢ appearing in a part size will be ¢". Actually,

we can conclude a bit more.

Proposition 1. Let q be prime and let Q be a Sylow-q-subgroup of &,. Letn = _._, biq’
be the g-adic expansion of n, where b, # 0. If px appears in Zg, then the part sizes of
A are powers of q. The smallest part size occurs as [1]", and the largest part size occurs
as [1]%[q)’r - -+ [¢"]’r. The coefficient of pujn is g~ %™ while that of [1)*%[g]* - - - [¢"]* s
(g —1)/q)=="".

3.3 Applications

To illustrate the main algorithm, we apply Theorem 1 in a few simple cases. The simplest
case is G,, in which case the Sylow-g-subgroups @) are all isomorphic to Z,. Applying
Theorem 1 to (15) (and using (7)) we find

18 = 230 + (g — DM () (18)

Q_q/\



and (using (1) and (5)),

15" (v) = ~(2ja0a e + (¢ — 1210 1q))

1
q
(q — 1)!5)\’[1]q —+ (q — 1)5)\7[(]]. (19)
Next, let @ by a Sylow-g-subgroup of &,2. Applying Theorem 1 to (16) yields

S,2 1 < q _ _

10" =2 (q— 2 (k) (a = V(o))

A k=0
(¢q—1)
q2

=D gy + (g - 1)%([612])) ¢ @)

& 1 = (q -
].Qq2 (y) = W ( (k) (q — ]_)q kquk[q]qk(gm[l]qk[q}qk) (21)
0

qg—1
+ 7(2[«1]45%[!1}‘1 +(q — 1)2[q2]5va[q21)

¢ (<~ (gh)! . .
B (Z T (a(a = D)0 parjgger | +(a = a0 jge + (0= 1)y g2

et
q k=0

(22)

As a last illustration of the method, we consider an example given in [7]. Let ¢ = 5 and
let @ be a Sylow-5-subgroup of G35. Then

58ZQ = puss + 28 Prss[s) + 336 s[5z + 2240 DPpjzs[s)s + 8960 D[1)8[5]4
+ 24004 )5 + 10000 Dujis(2s) + 48672 P + 80000 DrjE[5][25]
+ 56384])[113[5}7 + 160000 D[j3[5)2[25]

So, by Theorem 1 again,
P15 = 30 L) + 288 (15)) + 3362 (1[5) + 2240 (11[57°)

+ 8960x* ([1]**[5]*) + 24004x*([1]**[5])%) + 10000x*([1]**[25])
+ 48672x M ([1]3[5]%) 4 80000 ([1]8[5][25]) + 56384x* ([1]3[5]7)
+160000x* ([1]*[5]*[25]) } x*

Similarly, one can obtain 1838@).
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